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Measurements of surface roughness by AFM may contain an important error from the finite size
of AFM tips. The error is rarely evaluated in experiments due to the lack of a quantitative
mathematical description of the effect of tip shape on measurements of the roughness of 3D
surfaces. By introducing a parameter called the normalized tip width, we determined approximate
generalized formulas that describe the dependencies of three main types of AFM roughness
measurements on the parameters of a tipsurface system for Gaussian rough surfaces based on
simulations. General models or a practical database may be extracted after establishment of
formulas for more types of surfaces.





Surface roughness, which affects various physical and chemical properties of surfaces [1–5], is an
important factor for controlling the performance of substrates and devices for specific studies and
applications in fields such as optical devices and semiconductors. It is crucial that the effects of
surface roughness on surface properties can be described and surface roughness can be measured
quantitatively and accurately. Among various techniques applicable to the measurement of surface
roughness, atomic force microscopy (AFM) is a powerful technique that is suitable for providing
quantitative measurements of surface roughness [4–6] down to the atomic scale in various imaging
conditions such as air, liquid, and vacuum. However, AFM measurements always contain an
important error from the finite size of AFM tips, whose effect is commonly described by the
tipsample dilation model [7]. When tips of different sizes are used, different AFM images are
obtained.
Since the tip dilation effect is well known, most AFM companies and AFM analysis software
providers supply an erosion function [7] in their software for improving the resolution.
Unfortunately, the erosion operation is not a suitable way for evaluating and improving the
accuracy of roughness measurements since information lost due to tip size cannot be recovered by
using the erosion algorithm. Since there are various techniques that can be used to determine AFM
tip shapes [810], another common idea for reducing the tipsizeinduced error is to obtain
roughness measurements on a surface by using tips of different sizes and then fit the measurements
by using a suitable relationship [11]. This method requires a quantitative understanding of the effect
of tip shape on an AFM roughness measurement. Some studies [11–13] have been carried out with
the intention of describing tipshaperelated relationships, but the studies have only shown that a
roughness measurement of a 3D surface depends complexly on multiple parameters of the surface,
including the heights and widths of surface structures. A generalized and quantitative relationship
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between a roughness measurement and tip–sample parameters for a 3D surface has still not been
obtained. Therefore, the accuracy of experimental measurements of surface roughness by AFM is
in general unknown and researchers usually have to use unevaluated AFM roughness
measurements directly in their analyses.
The main purpose of our study was to explore the possibility, approaches, and appropriate
parameters for establishing generalized formulas describing the relationships between
measurements of surface roughness and the parameters of a 3D tipsurface system. Since it is
difficult to deduce generalized formulas applicable to all 3D surfaces directly from the dilation
model [11–13], a possible approach is to first carry out individual studies for various types of
surfaces and then extract more general expressions or establish a practical data base after results
from more types of surfaces are obtained. This paper describes a preliminary study carried out on
Gaussian rough surfaces with a Gaussian autocorrelation function (ACF). Based on simulated
surfaces and the corresponding AFM images, the complex dependencies of three main AFM
roughness measurements on the parameters of a tipsurface system were approximately generalized
and quantified by equations.


2.1 Generating surfaces, tips, and AFM images
A Gaussian rough surface indicates that the height distribution of a surface has the form of a
Gaussian function [14–16]. Many natural and engineered surfaces, such as surfaces of grown thin
films, surfaces of opaque evaporated metallic deposits, and etched surfaces [17–19], have this
height characteristic. Gaussian rough surfaces with a Gaussian ACF and those with an exponential
ACF are the two main types of Gaussian rough surfaces generally discussed in many studies [15–
16]. Our study started from Gaussian rough surfaces with a Gaussian ACF [12, 18–19]
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where q0, al0, and tr0 are the root mean square (RMS), autocorrelation length (ACL), and texture
aspect ratio (TAR) roughness of a Gaussian rough surface, respectively. The symbols in Eq. (1) are
defined based on ISO 251782 [20]. The horizontal distance al0 has the fastest decay to where the
normalized ACF (,) decays to 0.1. tr0 represents the anisotropy of the surface characteristics in
the  plane. The ACF of a surface with tr0<1 in the study is stretched in the  direction.
Stretching in the  direction, which can be achieved by reversing  and  in Eq. (1), is a symmetric
case with the same results in this study and therefore not calculated.
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 Generation of a Gaussian rough surface {G()} with a specified ACF (,) by a FIR filter
with a designed transfer function (,).(,) is designed by Eq. (2).

To generate a Gaussian rough surface, a 2D white noise sequence {α()} is passed through a
finite impulse response (FIR) filter, leaving the output sequence {G()} with a Gaussian height
distribution [21–22] (Fig. 1). By using the relationship between (z()), the power spectral density
(PSD) of the output surface {G()}, and (α()), the PSD of the input sequence {α()},
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the transfer function () of a FIR system is designed to generate a Gaussian rough surface with a
specified ACF. In the study, α() is designed so that α()=1.
AFM tips are given a parabolic shape that is applicable for most practical experiments as
follows:

2 +  2
,  = −
,
2 t

(3)

where t is the radius of curvature at the apex of the tip [23]. Note that t is different from the tip
radius commonly obtained by fitting the apex of a tip using a sphere model [24].
AFM dilation images are generated by using a wellknown dilation model [7]. The size and
sampling interval of a simulated surface are determined based on the ACL of the surface [25] to
reduce the edge effect and digitalization error in the simulated surfaces. Since the isotropic scale of
a tipsurface system leads to the same normalized measurements and TAR, the parameters t, q0,
al0, and tr0 of the tipsurface system are adjusted as follows: 1) t is fixed to be constant and 2)
only the relative parameters

 q0 al0
,
, and tr0 are changed.
t t

2.2 Roughness parameters
Three typical 3D roughness parameters closely related to Gaussian rough surfaces are analyzed
in the study: 1) the RMS height q, which represents the average height of the surface structures; 2)
the ACL al, which represents the average lateral distance between two surface structures; and 3)
the TAR tr, which represents the anisotropy of the surface characteristics in the  plane. They are
defined based on ISO 251782 [20] as follows:
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where β and γ are the sampling intervals of an image () in the  and  directions, respectively,

and () is the image after filtering the DC component of a Gaussian or dilation or erosion image.
Furthermore, for comparing the tip effects on different surfaces, we mainly use the following
normalized forms of q and al in the later analysis:

qN =
alN

q

 q0


= al
al0

(5)

 tr0
 tr

where q0, al0, and tr0 are values calculated from the original Gaussian rough surface, that is, the
expected roughness of the surface as defined by Eq. (1).
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 (a) A simulated Gaussian rough surface (q0=5 nm, al0=5 nm, and tr0=0.25) (left) and
its ACF (right). (b) The simulated AFM dilation image obtained by scanning the surface in (a)
with a tip with radius t=5 nm (left) and its ACF (right). (c) The reconstructed erosion image
from the dilation image in (b) (left) and its ACF (right). q, al, and tr are the measurements of
q0, al0, and tr0.

Figure 2 shows a simulated anisotropic Gaussian rough surface, the corresponding AFM
dilation image obtained by scanning the surface with a tip with radius t=5 nm, and the
reconstructed erosion images [7] and their ACFs. Compared with the original surface roughness,
the roughness measurements q, al, and tr from the dilation image have relative errors of –25.2%,
151.6%, and 160.8%, respectively (Fig. 2(b)). After applying the erosion algorithm, the relative
errors in the roughness measurements from the erosion image are –30.2%, 147%, and 153.6% (Fig.
2(c)). Note that the erosion algorithm does not notably improve the accuracy of the roughness
measurements. Furthermore, due to the effect of a parabolic tip shape on AFM measurements of
skewness of Gaussian rough surfaces [26], the erosion algorithm worsens the accuracy of the q
measurement, which was not expected.
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 3D images of qN, alN, and Str as functions of two variables: the relative surface height
 q0
and the relative surface width  al0 of a tipsurface system. (a)–(c) and (d)–(f) are for
t
t
surfaces with tr0=0.8 and tr0=0.1, respectively. 

As discussed in Sect. 2.1, surfaces and AFM dilation images are generated by adjusting only the
relative parameters of a tipsurface system with a fixed t due to the feature of isotropic scaling of
the system. The adjusted ranges of the parameters are 0.0625 ≤

 q0
t

≤ 16 , 0.25 ≤

 al0
≤ 16 , and
t

0.1 ≤  tr0 ≤ 1 with t = 5 nm. In Fig. 3, we plot two typical groups of 3D images of qN, alN, and
q0
and the
tr for different values of tr0 as functions of two variables: the relative surface height
t

relative surface width al0 of a tipsurface system. Figs. 3(a)–3(c) and Figs. 3(d)–3(f) are
t

relationships for tr0=0.8 and tr0=0.1, respectively. Generalized and quantitative expressions
practical for application are deduced from these simulations.
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 Generalizing the relationships between roughness measurements (tr, q, and al) and the
parameters of a tipsurface system. (a) The relationship between tr and qN is fitted by Eq. (6).
(b) The relationship between qN and alN is fitted by Eq. (7). (c) The relationship between alN
and the 2D implementation Nt2D (Eq. (9)) of the introduced parameter Nt is fitted by Eq. (8).
Different colors (red, black, blue, orange, and grey) in the figures indicate the different values
of tr0 of the original surfaces. The symbols indicate calculations from the simulated images
and the lines are from the fitted equations. 

Since it is not easy to determine the complex relationships between these measurements and the
tipsurface parameters directly as shown in Fig. 3, we started by exploring the relationships among
the measurements of different types of surface roughness. Figures. 4(a) and 4(b) show the
relationships between tr and qN and between qN and alN, respectively. The two relationships have
simple forms. 1) In general, tr reduces as qN increases with an exponentiallike tendency (Fig.
4(a)). The exponential decay ratio is related to the anisotropy (tr0) of the original surface. 2)
Contrary to expectation, the relationship between qN and alN shows an inverseproportionallike
tendency (Fig. 4(b)), and shows almost no relation to the value of tr0. The two relationships are
fitted by Eqs. (6) and (7), respectively.
− (1−  qN ) (  tr0 )  (  tr0 )
 tr = 1 + ( tr0 − 1)
                          (6)

qN = 0.43 + 0.57 alN

−1.27

− 0.005(alN − 1)

                 (7)

To further connect tr, qN, and alN with the parameters of a tipsurface system, we introduced a
parameter called the normalized tip width Nt (Fig. 4(c), right) because the imaging height of a tip
in a gap is in general related to the ratio of the tip width t to the gap width s, where the tip length
t at t equals the gap depth s [23]. If the tip is wider (  =

t
> 1 ), the tip is lifted to a higher
s

position for imaging, and the lifted height depends on the shapes of the tip and gap. For a surface,
an effective gap, whose width t and height t equal the average width and depth of the
surface gaps, is defined to determine Nt. t and t are proportional to al0 and q0 of the
surface, respectively. Since the effect of the anisotropy (tr0) of a surface on the roughness
measurements is complex, we first used the 2D implementation wNt2D of the parameter for analysis
[26]. Fig. 4(c) shows that the normalized alN proportionally increases with the increase of wNt2D
6
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and the increasing ratio is related to the tr0 of original surfaces. The relationships between alN and
Nt2D for different values of tr0 are fitted by Eq. (8), where wNt2D is given by Eq. (9). Equation (8)
is the equation form of alN as a function of the parameters of a tipsurface system. Based on Eq. (8),
al,tr,and q can be easily connected to tipsurface parameters through the relationships described
by Eqs. (5)–(7).

Nt  2D ≤ 0.66
1
(8)
alN = 
Nt  2D > 0.66
( tr0 )Nt  2D +  ( tr0 )
8 t  q0
Nt  2D =
                                        (9)
al0

Fig. 5 shows the coefficients  and  in Eq. (6) and  and  in Eq. (8) as functions of the tr0 of
the original Gaussian rough surfaces. From the fitted curves in Figs. 4(a) and 4(c), we obtained
estimations of the exponential decay related coefficients (tr0) and (tr0) for the relationship
between tr and qN (Eq. (6)) and those of the linear increasing ratio related coefficients (tr0) and
(tr0) for the relationship between alN and Nt2D (Eq. (8)). These estimations, indicated by the
symbols in Figs. 5(a) and 5(b), are fitted by using Eqs. (10)–(13).
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 (a) The coefficients  and  related to the exponential decay of the relationship between
tr and qN (Fig. 4(a) and Eq. (6)) as functions of the tr0 of the original Gaussian surfaces. (b)
The coefficients  and  related to the linear increase of the relationship between alN and Nt2D
(Fig. 4(b) and Eq. (8)) as functions of tr0. Symbols indicate estimations of , , , and 
obtained by using Eqs. (6) and (8) to fit the relationships. Lines are the curves for the
estimations fitted by using Eqs. (10)–(13).
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 = 0.13  0.1e
 = 0.59 
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Figures 6(a)–6(c) show the relative fitting errors for the roughness measurements tr, qN, and
alN by using the fitted Eqs. (6)–(13). In the adjusted range of tipsample parameters, the relative
fitting errors for tr, qN, and alN are less than 15%, 6%, and 10%, respectively. For tr0>=0.17, the
relative fitting errors for tr reduce rapidly to less than 10% (Fig. 6(a)). Based on these equations, it
can be seen that tr0, q0, and al0 of a Gaussian rough surface with a Gaussian ACF may be
evaluated from AFM measurements of surface roughness by using tips with different radii within
the relative fitting errors.
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  △tr, △qN and △alN are the residual errors between the fitted curves and the
corresponding simulated results shown in Fig. 4. The different colors (red, black, blue, orange,
and grey) indicate the different values of tr0 of the Gaussian surfaces.

Furthermore, based on Eqs. (8)–(9) and Eq. (12), it can be deduced that

alN = 0.59
in which

8 t q0
al0

where al0

 tr0

8t q0
al0

 tr0

+  ( tr0 )

Nt  2D > 0.66       (14)

can been seen as a 3D implementation Nt3D of the normalized tip width,

 tr0 is the geometric mean of the correlation lengths in the  and  directions. It is

obvious that tr, qN, and alN are not unary functions only of variable Nt3D sincetr0 still affects
the measurements along with Nt3D. Thus, we conclude that tr, qN, and alN are functions of two
independent variables: 1) the 2D normalized tip width Nt2D and 2) the anisotropy tr0 of a
Gaussian rough surface.

  
By analyzing the relationships among tr, qN, and alN from simulated AFM dilation images and
using the 2D implementation wNt2D of an introduced parameter, the normalized tip width Nt, the
dependencies of roughness measurements tr, q, and al on the geometrical parameters of a system
of a parabolic tip and Gaussian rough surface with Gaussian ACF were approximated by Eqs. (5)–
(13) with errors of less than 15%, 6%, and 10%, respectively. For tr0>=0.17, the fitting errors for
tr reduce to less than 10%. Furthermore, the established equations show that tr and the normalized
qN and alN are functions of two independent variables: 1) the 2D normalized tip width Nt2D and 2)
the anisotropy tr0 of a Gaussian rough surface. The formulas established in the study provide
8
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approximate quantitative understanding of the effects of tip shape on roughness measurements of
Gaussian rough surfaces with a Gaussian ACF and will be helpful for the evaluation of roughness
measurements of the surfaces. We also expect that the study will lead to more quantitative
descriptions of the effects of tip shape on AFM measurements of various types of roughness for
more types of surfaces, from which general models or a practical database may be extracted and
established. Later studies will focus on Gaussian rough surfaces with an exponential ACF and
experimental applications.
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